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WEIGHT DISTRIBUTION FORMULA FOR SOME CLASS
OF CYCLIC CODES

Tadao Kasami I
Abstract I

Let hi(X) and h 2 (X) be different irreducible polynomials such that f
hI(a ) = 0 for some h(O < h < m) and h 2 (a"1) = 0, a being a primitive

element of GF(2%). This paper presents the weight distribution formula of f
the code of length 2 m-1 generated by (X2 - l)/(h1 (X)h 2 (X)) for any m

and h. Some applications to the cross-correlation problem between two

different maximum length sequences are presented.
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1. Introduction

W. W. Peterson LIC calculated a number of weight distributions for BCH

codes of lengths 63 to 1023 and their dual codes by digital computation.

He observed that some BCH codes with large t for a given m (5 < m < 10) have

I a very simple structure of weight distribution. The result presented here

is a theoretical development of his observation.

Let C be a cyclic code of length 2 m-1. The extended code of C is the

Fcode with an overall parity check added to C as the first digit, The first

symbol in a code vector is numbered 0, and for i > 1 the i-th digit is
i-2

numbered a , a being a primitive elenent of GF(2). Now for a(j 0) and

bCGF(2) and for a code vector v of the extended code, permute the symbol

in position X to position aX + b. Then, the resulting vector is denoted by

I l•abv. W. W. Peterson Jl] proved that the extended codes of BCH codes are

invariant under doubly transitive group of permutations ir = (ab la(40),

I beGF(2)]. This paper presents the weight distribution formula for a class

of cyclic codes of length 2 m- whose extended codes are invariant under rr.

Let gl(X) anc -7.'(X) be different irreducible polynomials such that

1 1) gl(a 2 ) = 0 for some h (0 < h < m),

1 (2) g2 (a) - 0

The degree of gl(X) is a factor m' of m and the degree of g2 (X) is m. Let

hl(X) - Xm gl(X 1), h2 (X) - Xmg 2 (Xl) .

Let C0 , C and C' denote binary cyclic codeb with length 2 m-1 generated by

g 1 (X)g 2 (X)'(X 2 -1 1)/(h1 (X)h 2 (X)) and (X 2 1 1)/[(X-1)h1(X)h2(X) respectively.

Then C is the dual code of C0 and a subcode of C'. If h - 1, then C0 is a

double error correcting BCH code, and if m is odd and h - (m-l)/2, then C is

[
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a BCH code with the second largest t for given m.

In what follows, the weight distribution formula of code C for any m

and h will be derived. Thfis problem is clcsely related to the cross- j
*m

correlation problem between two different maximum length sequences. Some

applications to the problem will be presented in section 6.

2. Preliminary Lemmas

Lemma 1: The extended code of C' or C is invariant under rr.

This lemma follows from the definition of C' or C and a general

theorem [2]. Let

m=m'm" . (1)

Since a is a root of gI(X), it can be assumed that

2h < m. (2)

Since ( 2 m- 1)( 2h+l) is divisible by ( 2 m-1 ) = ( 2 m'-1)( 2 ml(mI''1) +

2m'(m1-2) + ... + 1),

h > m' (m"-l)

From (1) and (2),

mi'm" > 2h > 2m'(m"-1) . (3)

Hence,

M" - 1 or 2.

If n." a 2, then it follows from (3) that

ml a h.

That is, there are only two cases:

mt a m

and

ml - m/2 = h.

* Dr. B. Elspas pointed out this relation.
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The following well-known lemmas will be used later.

Lemma 2: Let u(A) denote the smallest positive integer u such that

2 1 (mod ). Then, 2s I (mod 2) if and only if u' 5 0 (mod u(L)).

Let (A,Y') denote the greatest common divisor of A and 11.

I Corollary 3: Let u = (ul,u 2). Then,

2u-I . (2 -1,2 2-1).

Lemma 4: 2U+l (or 2 U-1 ) is divisible by 2U'+l, if and only if u is

divisible by u' and u/u' is odd (or even).

Let c7 = (m,h), c = (m.2h) and v = (2 M-1,2h +1). By Corollary 3,

2Cf- 1 =(2m-1,2h_-0), (4)

2c- = ( 2 m-i, 22h_ 1). (5)

f Since (2 h+1,2 h-1) = 1,

( 2m 1 ,2 2h-1) = (2m -1,2 h+l)(2m-,2 h-1).

I' Thus,

[ ( 2C-1)/v = 2 C-1.

TBv c'efinition, c - c' or 2c'. Therefore, wo have:

I Lemma 5: if c - c', then v - 1. Otherwise,

v2'+ - 2c/2 . (6)

The next lemma is due to Pless 3".

Lemma 6: 1.c-t a and bj den,.e the number of code vectors of weight

in a code A an,' - , tmber of code vectors of weight j in the dual code of A

respectively. If bI- b2 - 0, then tht following power moment identities

hold-

I
I
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1ja 2 n

2j 2 k-2

.j2 a - 2 n(n+l)J

Ejj 3a. 2k-3 (n 3+3n 2) .32k-3b3

T.j4aj a 2k4 (n4+6n3+3n2-2n) - 41.2 k4nb3 + 41,2k-4b4

where k denotes the number of information digits.

Let C1 and C2 denote binary cyclic codes with length 2 M'l generated

by (X2 m 1 - 1),'h 1 (X) and (X2 -I- 1)/h 2 (X) respectively. Codes C1 and C2 are

subcodes of C and C'. If the degree of gl(X) is i, then the roots of

ht(X) - X g(X") are:

(2 h+1) 2 -2 h-2 -2(2h +1) 2m- 2 'll2-1= a a a , ... ,

a'2 m-h- 1 (2 h+,) =a2" M--2 m-h-l. 1 S 2 (m-h) (2h÷ 1) a2'-2m~h -2

-2 =" (2h+1) 2 -1.2 h-11

There is no 1 (0 < i < 2 =1) with hl(a ) 1 0 except for

11
1 2rn-i-2 m-h-l-1

and
2m-1 h-li

-2 -1.

By (2), 1i< .

If m' a .. 12, then the rulots of hI(X) are:

(2"+1) 2'-2 -2 -2(2"+1) 2 - 2-1
O a , a af ,

.2m -1 (2t +1) 2 m- 2 =1.- I
"f

i
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there is no 1 (0 < i < 2m- 1 with hi(a - 0 except for

rn -i 2l.m''I1l
11=2 m.l-2 I-1.

-1 2"'-2 -2 2-- 2 m'l 2mli
The roots of h2 (X) are a - a ,a - a ,...,a - a

As it is done above, here we let

i2 -2 - 1.

Let X1,X 2 ... ,Xw be the location numbers of code vector v(x) of C'.

en,
wv(ai F X Xft 0 _< i < 2m-1

f= 1

For any BoCGFt2), any 8ICGF(2m ) and any S2 ¢GF(2m), there exists a unique
code vector v(x) of C' such that v(l) a /0, v(a B and v(a 2

1 2
(Mattson, Solomon 151). Let v(ABl, B2 ;x) denote the code vector specified
by BB I and 8 2 By definition,

££i1 £t2

xIV(Bo,1l,82;x) - v(B o8 1,l 8 2;x)

if and only if ° 0 O, v(GoB 1 ,B2 ;x)CC. If and only if BO a B1 a 0 (or
8 0 a2 a 0), then v(P0,StB2;x)¢C2 (or CI). The cyclic permutations on

code word symbols induce a permutif!in group on the code vectors of C',

which divides (C-C2 into disjoint sets of transitivity. Since v a (,2-I),

each set consists of (2 -1)/v code vectors. In case of m' a m, let

vtO.a 1,2 GlI (0 < j r v. 6 2 CGF( 2m)) represent eac;i set. In case of m' , m/2,

let v(0,l,8 2 ;x) represent each set.

A polynomial representation will be t:sed for a corle vector :41.
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Now, consider the extended code Cex of code C'. Let •(Bo,Bi,B 2)

denote the vector with an overall parity check added to v(• 0 ,61 ,1 2 ;x) as

the first digit. By definition Cex = { '(B, ite,B2) jv(oBl, VB2 ;x)CC').

l.et XIX 2 , ,X,. be tide loiation numbers of v(R .Pf 2 ) and let

S. E f 0 < i < 2M (7)

f-I

Ihen, bv definition

S = 1 (8)

s = 2 (9)S2 2

Sl= 0 (i i i12 1i 22 (mod 2 m-1), 0 < I < m)

li f'i efore,

Si -0 (i i ltIj 11)i (10)

By Lemma 1, lb V(rjIC,2)cc e for any bcGF(2') Let
Bv~(OSII ive6c0a 0,i 1)of~~]2Ce

TIhe weights of V(%.,,1,J) 6 and v(Si', 82',8") are the bame. By the definition
V 2 2

' = (Xf+b) l

w i

2 fr (xf+b) 2
2 f I

E i I: ( bSI a EIWO i f iW i i
f1 IO i-O
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r From (8) and (10), f3 
(12)

(X +) 2 m- -I-1 21 rn-i.

Note that (Xf+b) = = (Xf2 +b )/(Xf+b) =Xf +

2 22 1

Xf b-,- ... + b . Then,

w 2 -1 .I m- 2 ,--1.i
B Z Z X b -2 -1-i E Sib (13)
2 f=1 i=O i=O

Consider the case of m' m. Since I 2hi( S2 S2 F

(8),(9), ( 20) and (13),

B b : 2 -1 B 2hb 2ml l-i• + B mb 2
-21bi+ 11 b1 - + 2 1

2 h 2 h-)

2

[ For the case of mr = m/2, it follows from (8), (9), (10) and (13) that

2 h-I
B' = 3 b + . (15)
2 1 15)

Hereafter we shall consider the case of m' = m except for section 5.
rm-h-i h h-i

For each i (0 < i < v), V. = ['b 2  + a i2 2 GF(2m) forms a

subspace of GF(2 ). Let

m-h-I h h-i
Fi(X) = ix2 + i2 2

aix2h-I (x 2h" i ( 2 m-2h- 1) + a i( 2h_1)

If i = 0, the order of a nonzero root in GF(2m) of F (X) is a factor of
2m-2h 1. Since c = (m,2h) = (mm-2h), 2 c- = ( 2 m-l,2m -l). This implies

-12 -) hi mle

ii
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that the rocts in GF2"N of Fo(X) are in subfield GF(2C). Conversely, any

element in this subfield is a root of FO(X). Hence, the dimension of V0 is

m-c. Let V0 0 (=vO)0 V 0 1IV02,.)..9,V be the cosets of GF(20) with respect
02 -1

to VO. Each c.set has 2 m-c elements.

For i 0, assume that ai is a root of FM(X). Then,

2h'1(2m-2h-1)j = i( 2 hl) (mod 2m-l)

( 1 -22h)j " i2h+l ( 2 h -1, (mod M-l)

h-(2h l)j S i2h'tl (mod 2'-l)

Since V divides both 2h+1 and 2m--l. v must divide i. However, 0 < i < V.

Therefore, there is no root in GF(2m) of F. (X) except for zero. Consequently,

e t B = )( a i , a 2 B ) jo < Z < ? _ I, f eV o j } ( 0 < j , 2 c - 1) a n d

ii Li

B. = [(a , B) 10 2 £ I. 2 R-1 BeGF(2m) (0 < i < v). Then,

IBol I ( 2 m-1 ) 2 '-c/v (0 < i < 2 c) , (16)

IB.I ( 2 m-1) 2m/v (0 < i < V)*. (17)

It follows from the definition of BOj or B, that for any (BIB2) and

kl 1 B2 ) in the same BOj or B. and for any 1o3GF(2), there exists permutation

ab such that TT = V(fo' ('d2) and B'eGF(2).oTherefore,~ab oj'o'12 "' 0 1321 an oCG()

v(Lo1 ,BI2) and -((P 6,113) have the same weight w. If 10 (or Bo) is zero,
00 0 1 ) 0

IBI means the number of elements of B.

or.
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then v(O,B,8 2 ;x) (or v(O,B,1;x)) has weight w. If B- (or 8") is one,2;x) 2,) ha10)h . f8

then v(1,B1 ,B 2 ;x) (or v(l,B,B2;x)) has weight w-l by definition. Since
ai IL2 i f ( 2-.

C' contains all one vector e- (ll,...,I) and e(a E a i [ ) ]f
f=O(at-1) - 0 (0 < I < 2 -1),

v(l,B1 ,s 2 ;x) = v(0,61,B 2 ;x) + e(x).

Hence, if 1° (or Bo') is one, then v(0,Bl,8 2 ;x) (or v(OBf3;x)) has

weight 2 m-w. Therefore, we have Lemma 8.

Lemma 8: For each j (or i) (0 < j < 2c, 0 < i < v), there is wo (or

wi) such that for any (B31,B2)eBoj (or B.) the weight of v(0,B 1 ,B 2 ;x) is
mm

either w0j (or wi) or 2 -woj (or 2 Mw d.

3. Case I: (m,h) = (m,2h)

Hereafter a will denote the number of code vectorsof weight w in Cw

and b will denote the number of code vectors of weight w in C 0
w o

Lemma 9: For , en w,

M
wa = (22-w) a

mwb = (2m-w)bw 2mw

This lemma follows from a theorem due to Peterson [1] and Lemma 1.

Consequently, if the values of W (0 < j < 2) and w.Is (0 < i < v) are

known, the weight distribution of C-C2 is completely determined. Further-

more, any nonzero vector of C2 has weight 2m1 , because C2 is a maximum

length sequence code.

Lemma i0: bI -1 b2 = 0, b3 = (2 -i)(2m-1)/3.

nmm~ ~ ~ ~ ~ ~ ~ ~ ~~~~W 01 '-A 004 ••• ••rn• m m•••m • • mmmW.74



10

Proof: Since C is a subcode of Hamming code, f
b - b 2 a 0.

Assume that a , a 2 and a are the location numbers of a code vector of

weight 3 in C0 . Then, I

a + a = a (18)

jl(2h +1) J 2 (2h +1) j 3 (2h +1)
a + a a (19)

From (18),

j 3 (2h +1) i J 2 2h +1 Jl2h j 2 2h jl j 2

a =(a +a ) = (a +a )(a +a

Jl(2h +1) Jl2h j 2  jl j 2 2h j 2 (2h +1)
-a +a a +a a +a

By combining with (19), r
Jl 2h J2 +Jl j22h

a~ 2  a +aj a2h =0, ]

a =ii2 )i(2 h) 1) . (20) (
Thus,

h m
(jl-j 2)(2 -1) a 0 (mod 2m-1)

If c' = (m,h) = 1, then (2 h-l,2 M-1) = 1. Therefore

Jl = J2 *

This is a contradiction, which leads to the conclusion that b - 0. If

c' k 1, then (2m-1,2 -1) = 2c-1. Let

Sa (2m-1)/(2c-1) . (21)

tipr
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Then,

Jr . j2 (mod .).

Let Jl I m I+i and J2 =-A 24+i (0 < i< ). Since a + a = for

some A i3 it follows from (18) that J3 = A3Jp+i. Conversely, for any i

(0 < i < p) and for AiV A2 ' and A3 such that

a + a = a (22)

0 2)I,2,A < 2c'-l , (23)

a , a , and a satisfy (18) and (19). The number of unordered
2c' -l)

triplets ( 1i,1 2,'t 3 )'s satisfying (22) and (23) is equal to ( 2 )/3.

Consequently,

Sb3  2 c2 (a )/3 = (2m-i)(2"-1-1)/3. Q.E.D.

Lemma 11: Let 12 and14 denote Z (j-2m ) 2a. and I (j-2 m) 4a.

respectively. 
Then,

S12 = 2m2 (2 m-),

14 2 23m+c'-4 (2m.

Proof: Note that k = 2m. By using the power moment identities of

Lemma 6,

1 2 0 Z j2aj - 2m jaj + 22m-2 E a

= 2 2m2n(n+l) 2 3m-1n + 2 2m2(2 2m-1)

. (2m-1 (23m-2 23m- +23m-2+2 2m-2

a (2 m-1)2 2m-2
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12

14 = E j4a. - 2 M+l r, j3a + 3 . 2 2m-1 . j 2 aj - 23m-1 E ja

2 4 m-4 E

22m-4 (n4+6nf3+ 3n2._2n) - 23m2(n 3+3n 2

+ 3 ' 24m-3(n1) 2 5m-2 2 4m-4 22m_,* - ~~)- 2 n+ 2 (2

+ 3(23m-l- 2
2m-in)b3 + 3 .22m- 2b4

- n(2 2 m-4 [(n+l) 3+3(n+l)(n-1)] - 23 m-2[(n+1) 2 +

n-1] + 3.24m-3(n+l) - 25m-2 + 2 4m4(2m+l))

+ 3"22m" (b3+b4 )

n [ 25m-4. 2 5m-2+3. 25m-3- 2 5m- +2 5m-/,

+ 3 . 23m-4 (2m-2) - 23m-2 (2m-2) + 24m-4} f
+ 3 . 2 2m-'(b 3 +b4 )

= ( 2 rme 1) 2 3m-3 + 32 2 m-1 (b 3 +b 4 ) (24)

Since all one vector (is,...,i) js in C o

b 2 -4= b 3.

By Lemmas 9 and 10,

b3+b4 - b + b4 2m2 b 2 2 m2 b3

m-2 1- m 4" 2 (2c' I1)(2 m1)/3 • (25)

0'
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By substituting the right hand side of (25) into (24),

(m 3m+c'-4
14 -(2'-1)2 Q.E.D.

Let JM be the smallest nonzero integer such that

a +a Mi o

By the definition of 12 and 14)

"O 2M-i )2 > 14/12 = 2 +cl-2 (26)

Consider the case where c = c'. Then, v = 1 by Lemma 5. Since all nonzero

vectors in C2 are of weight 2m- 1, it: follows from Lemma 8 and (16) that

" a. + a (M j 0 , 2 m' ) must be divisible by 2m-c' (2m-1) - 2m '(2m-1)o

Therefore, from (26)

2I 'm rn i 2 m -

12 _> i-2l)2(a. +am. ) > 2 (2m' 2-1) .27)

By Lemma 11 and (27),
r.n-1) 2 22 -2 2n12 = kM2  )a. +a ) 2 M.

IM 2m . 21).

J Consequently,

m-l 2 rf+c'-2 ntc2
OMm-l) 2 - 2 2 8)

a 2 a 2 2m-c(2M-1) (29)

aJ0, M 2 m- 2

Hence,

I

L
'I
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14 1
S2m-1 2 (m i--c)/2- 1r

(30)

a M - 2 - I (a +a )
2  M 2m-jM

= ( 2m 2 m'c2l) (2 rMe) I

By Lemma 9, (29) and (30),

S( 2 m-c-l +2 (m-c)/2-1)( 2 m-1)I

a -= ( 2 m-c-l 2i(m-c/2- 1) (2m-1)

Thus, we have the following theorem.

Theorem 1: If (m,h) = (m,2h) = c, then

a 0 -1 j
= (•,- - +2((w.-c) ,;2- I, 2m- I

a r- 2 (m+c)/2-1 = (21 +2 rc 1)

a 1  (2 m- 2 m-c+1) (2 m- 1 )2 m-

rn(2-c-i.(rn-c) /2-1 (m );
a2m- +2 (m+c)/2-1 = (2 2 )(2'-l)

aj a 0 for other J.

4. Case 1: 2(L .-(m,2h)-,,m

Consider the case in which 2(rh) . (m,2h). Then, v - 2c +1 by

Lemma 5. Since vO,gI,O,x) is in Cl, W00 , wo,0 ,w...,wv. can be found

from the weight distribution of C Each code vector of C is a v

concatenation ot a code vector in cyclic code C' of length (2m-l)iv which
m

is generated by X (2 /-l)/hI(X). Let v'(8;x) denote a code vector vl(x)

nunmlm nnlum unllnu nnmumil nmu lU~~m~N~nmI I UUIU •In ullmmnI m mI
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in C' such that v'(a ) = B. With Lhe same argument as the one of section 3,

k sset Cli - (v(a i+f V;x) 10 _< A < (2 -nl)/J (0 < i < v) consists of (2m-1)/v

vectors of the same weight wl. Since v(0,,O;x) = (v'(B;x)

V'(B;x),...,v'(B;x)) , wi can be given by the folhowing equation:

IV
W, - Vw, (0 <" i < V)

I Therefore, by applying Lemma 6 to code C, we have

Sv-i in2m.

(2m-1) t) V w i/v = 2 (2m-l)/v
i=O

(2m-l) V Z1 (w /v) = 2 m2(2 m-1)(2m-l+v)/v •

iM=O

Thus,

"E wi = v2 (31)

- 2 m-2 2 n-22m c

0 w - v2 (2m-1+v) - v2 (2 +2 (32)

r Therefore,
- i ni2 m2i in- 2mm-T f V (w -2 m )1 2 v2 m 2(2 -1+v) -2' v O. 1 22m -v

2 m-2 (v-1) v2m+c'-2 33)

On the other hand, it follows from Lemma 8, (16), (17) and the oeftnition

of 12 that

12 120 + 121'

120 2 2m-c(2 M.1) 2,l (W Oj .2 m-1) 2 /v (34

V-1

121 2 * ( .1)(W 0-2 *1) 2v+ 2'(2 M) E (W 2 )- /'%.

-askilb
- - - .4I I



16

By Lemma 11 and (33),

12 -22m-2(2m r)
>I2 (2m-) )2/(35)

- 2
21 ' c2( 2h-l) . ( 2 m-1 )( 2 m. 2r-c) (wo-2ml

By a simple calculation,

(Wo. 2 m-1) 2 > 222m-2 ( 2 C'.l)V/( 2 m.2m-c)

2 m+nc-2 (by (6)).

Hence,

w . 2rm-1 + (2(m+c)/2-1 + 6), 6 > 0 (36)

Now, by (31) and (32)

T i rn-1 - 2./2-i 2

"2 (wi-(2m 2 1),2
t=O

V2 ( 2 m- l+v) - 2 ( 2 m- 13+2 /2" r)n2M 1+(2 '4 2 /2i) 2v

M V 2 2mfl-2+2  n# c '-2.22m-1 +2 /2-1+ 2 2m-2+ U/212 +2. -21

S2m-2 (2c'+ 1 ) 2 (37)

On the other hand,

2 -> (w -( 2  2 /2))2 [2 +(2 1+6)2m1+2

S2m-2 ( 2c'+1+6 2 1-m/2) 2 (38)

From (35). (36), and (37). wc have that

6.0

rO 2- ! (rnic)/2- !
W• a + (39)

Wi L" 2' 2i 2a/2-1 (0 < i < V) (40))

- 4-,m-- ~- ,
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Since w 1 (0 < i < v) is divisible by v, the + sign is determined by Lemma 4.

Thus, we have:

Theorem 2: Let a denote the number of code vectors of weight j in C1

If m/c is odd (or even), then

a'l a 1
!0

a16 I'

I -i (m+c)/2-l (or a' - (2m
2 -22 +

-2 -_ (or a' 12m/2-1) - 2c/2( 2m1l)/( 2 c/2+1)
2 +2 m/2-1 2 a -2

al I 0 for other J.

From (35) and (39) it follows that

121 = 2 2c1-2(2m-1) - (2 -l)(2m-2m c)2"*c'2/V

= 2 2m2(2m-l)(2ct-(2 c-1)/v)

22m-2 (2m-1)

a 12 (b (35)),

By (34), c-
120 a (2 -1)2 4c/ ( l -2r 2

rn ! (•Of"2

Jul

Hence,

woj = 2m-1 (I e j - 2 (41)

By (Ib), (17), Lemma 8, (39), (40) and (41). we have

M1m-I2/2-1 + a ÷1m/2-1 * (2"0)2 /( 2C /2+)
2 -2 2 +2

a M "1 ( 2 - 1 ) 2 m ( 2C- 1)( 2C/2 +) + 2*-
2" 1

-I: -". • . • uII-_
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rn-i + a -- (2m-1)2M'C/( 2 c/2+1)2- 1 2 (m~c)/2-1 2 ton1+2 (n~c)/2-l1 2-)

Thus, the next theorem follows from Lemma 9.

Theorem 3: If 2(mh) - (m,2h) = c and c k m, then

a 0 a 1

a 2 1 2(m~c)/2-1 = (2 m-1)( 2 (m-c)/2+1) 2 (m-c)/2-1"/( 2 C/2+1)

2m1- 2  (m/2 - m- 1)(( 2 Im/2+1)2 (I+c)//2-1 /( 2 c/2+1)
rn c/2.2rn2c

a2M.1 - (2m-1)((2c/2-1)2 mc+1)

a2 M- 1+2m/2 , (2m° 1)(2m/2-1)2 (m-c)/2-1(2 c/2+1)

a 2 M 2 /2-1 (2 - 1) ( 2 (rec)/2 1) 2 (m-c)/2- 1/( 2 c/2+1)

a. - 0 for other J.j

!. Case III: 2(mjh) - (m,2h) - m

Consider the case of m - 2h. For any 8 1 4 0, 82 in GF(2'), there

exists beGF(2m) such that

Bi2 hl +-1 =

because (2 h12 m-1) a 1. From (15) and a similar argument to the one for

the case of m a m, it follows that there exists w such that the veight of

any code vector in C-C2 is either w or 20-w. Since C;, the cycli: code of
.12 2m/2

length 2m/2-1 generated by (X 2-l)1g 1 (X). is a maximum length sequence

code, CI consists of one zero vector and 2 *2o4 vectors of weight 2w/2ý!

(2m/2+1). Therefore.

ý-,= . , pw

immnm ulmm •am lm n m I • m maI m lnl plum• • • ,
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Sw = (2 1+2 1) 2 m/2-1

On the other hand, C2 is a maximum length sequence code of length 2 m-L

I Hence,

I a~~~m.1=2-1 .
=2~

According to Lemma 9, we have:

I Theorem 4: If m = 2h, then

Sao -

a" am-1i 2m/2-1 = (2 m/2- 1) (2 m1+2m/2-)

a =2-1- ~ 2 m- 1

i a m- _1 m/2-l (2m/2 1)( 2 m1-2m/2-)

12 +2
a = 0 for other j.j

6. Crosscorrelation Functions of Two Maximum Length Sequences
2hl

It follows from Lemma 5 that a is a primitive element if and only

if c = c'. Assume that c = c'. Let

m
2 2

v(O,l,O;x) E v ifX

f=0
m2m.2

v(O,O,1;x) = v v2fxf

f=0

Then, v1  V10 ,v 11 ,...,v and v2 = v 20,v211..V2m are maximum

12m2 22 2
length sequences of length 2 m-1 . It. vI and v2 , replace 0 by -1. Let

SU U0 ll and u2= u u21 ... u be the resulting
12m-2 u2 20'u21 22 -2 ,

- *22m.2
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sequences of real numbers 1 and -1. Correlation function e(j) of uI and u2

is defined by
m-
2 -2e(j) = E UlfU2f-J

f--O

where suffix f - j is to be taken mod 2 -l. Note that

v(0,1,0;x) + x v(0,0,1;x) = v(0,1,a j2;x).

J i 2
If v(0,l,a ;x) has weight w, then

e(j) = 2m-l-2w . (42)

Let s. denote the number of j's (0 < j < 2m-l) with e(j) - i. Then, s. is

the number of vectors v(O,l,B;x) with weight (2 m1-i-)/ 2 . From sections 2

ard 3, we have theorem 5.

Theorem 5:

= 2 2 (m-c)/2-i

2m 2rn-cS-i = 2-'2m

r M-c-i (m-c)/2-12 (2(+c)/2. /

s. =0 for other i.1.

For 0 < j < 2m-1, let

1 = 1 if e(j) =- 2 (m+cc) /2i or 2 ((m+c)/2-1

. 0 if 9(j) = -I.J

Sequence e = e,8...,m will be called the correlation sequence of

uI and u2 . We shall characterize the correlation sequence below. Recall that

0L
- /
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v0 a V00 - (b 2re-h" + b2 h"IbC GF(2m)

Since (2 hl,2 m-1) = 1,

Vo00  [b + bj beGF(2m)]

Since (m-2h,m) = c, the Galois group of GF(21) over GF(2 ) is generated by

the automorphism X -4 X2m-2h (by Theorem 9, p. 127 of [6]). Therefore, from

the trace theorem (p. 121 of [6]) it follows that

V00 = [bla(b) = 0, beGF(2m3,

where a(b) denotes the trace of b in GF(2 m) over GF(2C), and

b2 c 22c 2m-c
0(b) = b+b + b + ... + b

Hence, any element of each coset VOj has the same trace t. GF(2C), and if

oj J "tiýtitS~J, tj t,

Note that v2 (O,8 1 ,1 2 ;x) = v(0,1B1 ,3 2 ;x 2) - v(O,12 ,82 2;x)eC and that

v(0,B11 ,8 2 ;x) and v(O,B 1 ,B2 ;x 2) have the same weight. Consequently, if
2

tI = t.j , then w j, = w0j. From the proof of Theorem 1 it follows that

there is only one j0 such that

W 2 m-1 2 (m+c)/2-1

0j 0
w 2m-l

WOj 2 J , Jo '
2

Since t. = t. , t.o 0 or 1. Since C1 is a maximum length sequence
Jo 0j

code, w00 must be 2m-1. Therefore, tj = 1. This implies that the weight

of v(0,,1,;x) is not equal to 2ml if and only if B + B2c + B22c + ... +8mc *J122e ji 2 22 c

B = 1. From (42), e(j) k -1, if and only if aji2 + a + a +

i22c 2i 2m2 -1 -2 m-l i2

... + a = 1. Since a = a -= a and a - a- , we have

Theorem 6.

• • *• -• ,.q .,w •,,• .
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Theorem 6: e. = 1 if and only if a j + a&J2c + a-j22c + ... + a-j2M-c
j

Now consider the case of c = 1. By definition, v(O,O,1;a 2) - 1.

Therefore,

v(0,0,l;a ) = 1 (0 < A < m)

On the other hand, for any aj a"2 (0 < A < m),

v(O,O,I;aj) = 0

By the formula due to Reed and Solomon [7),
2m.

v 2-2 v(OO,l;aj)a-f

2 =0

f 2f 22f 2mi f= a + a +a + ... +a .f

Hence, by Theorem 6

S 22_ Ml-j.

This implies the following corollary.

Corollary 7: If (m,h) = (m,2h) 1, then the correlation sequence of

the maximum length sequence generated by h1 (X) and the one generated by

h2 (X) is the maximum length sequence generated by g2 (X) = Xmh 2(X 1 ).

R. Gold and E. Kopitzka [8] observed that for some pairs of maximum

length sequences the correlation sequences are also maximum length sequences

and they listed all such pairs of sequences of length 8191 or less. Among

28 listed pairs, 25 cases are covered by Corollary 7.

- - -.-- '------- -
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